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Any pair of vertices in a 4-connected non-bipartite k-regular

graph are joined by a Hamilton path or a path of length at least 3k-6.

*This research was partially supported by AFOSR under grant 89-0068




The topics about Hamilton cycles, circumferences and Hamiltonian
connectivities of regular graphs have bteen interesting many mathematicians
in recent years ([21,07],041,07],031,061).

In this paper, we will investigate the length of a longest path joining

any pair of vertices of regular graphs and establish the following theorem.

THEOREM 1

Let G be a U-connected non-bipartite k-regular graph. Then any pair

of distinct vertices of G are joined by a Hamilton path or a path of

length at least 3k-6.

In a sense, this theorem is a generalization of the rollowing results.

(i) (Bollobas and Hobbs [1]) Any 2-connected k-regular graph of order

at most %k contains a Hamilton cycle.

(ii) (Jackson [4]) Any 2-connected k-regular graph of order at most 3k
contains a Hamilton cycle.

(iii) (Zhu, Liu and Yu [7]) Any 2-connected k-regular graph of order at

most 3k+3 contains a Hamilton cycle.

(iv) (Fan [3]) The length of a longest cycle in a 3~connected
k-regular graph of order n is at least min{n,3k}.

(v) (Zhang and Zhu [6]) Any pair of vertices of a 3nconnected

non-bipartite k-regular graph of order at most 3k-4 are joined by

a Hamilton path.

The condition of 4-connectivity in the theorem cannot be reduced. A
3-=connected k-regular graph of order 3k+3 containing no path of length at
least 2k+3 joining a pair of vertices can be constructed as follows. Let

k=3h. Let G,,u-,G9 be nine disjoint copies of complete graph Kh and




v be three distinct vertices. Join an edge between each pair of

7,V2,V3

vertices in G for 1=0,1,2, and join an edge between Vj

3101 93102 %3143

and each vertex of G3i+j for 1=0,1,2 and Jj=1,2,3. The induced graph

contains 9h+3 vertices and is 3h-regular 3-connected, in which A and Vj

are not joined by any path of length longer than ©6h+2 for i,j,e{1,2,3}.
(See fig. 1).

Actually, we can establish a result stronger than Theorem 1.

THEOREM 2. Let G be a 4-connected graph and x,y be a pair of distinct

vertices of G such that

(i) d(v)=k for any vertex veV(G)\{x,y],

(ii) d(x), d(y) < k.

Then the length of a longest path joining x and y 1is at least

(1) min{ | V(G) | -1, 3k=6}] if G is not a bipartite graph, or G is a

bipartite graph and x, y belong to deferent parts of the

bipartition of G;

(ii) min{ | V(G)| -2, 3k-6} if G is a bipartite graph and x,y belong

to the same part of the bipartition of G.

Let G=(V,E) be a graph with vertex set V and edge set E. Let

P=uo---up be a path of G. For 0 < i, j < p, the segment ui---uj of P

is denoted by uiPuj if 1<J§ or uiPuj if 1> j. The length of a path

P is the number of edges in P and is denoted by &(P). Let H be a

subgrapn of G. Let w,w' ©be two vertices of H. The length of a longest




path of H Jjoining w,w' is denoted by LH(w,w'). Let v be a vertex of
G. The set of vertices of H adjacent to v is denoted by NH(V) and the
number of vertices of NH(V) is denoted by dH(v). When V(H)=V(G), we
simply write d(v) and N(v) instead of dG(v) and NG(v). Let P=u0---up

be a path of G and X be a subset of V(P). Denote

= uiex}
and X = {u. = uiex}

Let E(H,H') be the set of all ordered pairs of vertices (x,y) such that
(x,y)€E(G) and xeV(H), yeV(H'). And let |E(H,H')| = e(H,H'). Note that if
V(H)nV(H')+¢, each edge (x,y) in the induced subgraph G(V(H)nV(H')] will
counted twice in e(H,H') since the ordered pairs (x,y) and (y,x) are

considered deferent in E(H,H'). Thus d(v)=e(v,G) for any vertex v of

of G and 7 d(v)=e(H,G) for subgraph H of G.
veV(H)

PROOF OF THEOREM 2

The theorem will be proved by contradition. Suppose that the length of

a longest path P-vo---vp Jjoining X=vq and y=vp is less than 3k-6 and

G\V(P) 1is not empty.
PART ONE. In this part, we will show that G\V(P) is an independent set
of G. The following lemmas will be applied in this part.

LEMMA 1.1. (Lemma 4, [3]) Let H be a 2-connect2d graph and Q=uo---uq
be a longest path of H. Then

LH(x.y) > min{d(uo),d(uq)}

for any palr of distinct vertices x and y in H.




Let C be a set and {Aw""’Aa}' {81""'Bh} be partitions of C such

that a > 2 and |AunBj | <1 for any wue{1,.+¢,a} and any je{1,-..,n}. If

n = 0 &= =
BiﬂAu+¢, B, Agté and B, By y=0

for some wu,8€{1,-++,a} and u}e, then {i,+,j} 1is called a closed
extendible interval of {81""’Bh}'

LEMMA 1.2 (Lemma 3.2, [6]) Let C be a set, {A1,---,Aa} and {B,,---,Bh}

be partitions of C defined as above. If 38 1is an integer such that

a>s and lAu] > s for each wue{1,++,a}, then {81""’Bh} has at least

s-1 closed extendible intervals.

Suppose that G\V(P) 1is not an independent set and let wo be a

component of G\V(P) which contains at 1least two vertices. Let

T ...'T

1 be all end-blocks of W.. (An end-block of WO is a block of

t 0

wo which contains at most one cut-vertex of wo).

i

I. We claim that there exists a longest path Qi= x#--~xq in each Ti

i
3uch that

(i) dw (x}) < 4 (xi ) and xi is not a cut-vertex of W., and
o 1= Wy ey 1 0

(ii) dw (x#) is as big as possible.
0

Let Ray c++y =~ be a longest path in T, such that dwo(y1) < dwo(yr).




(a). 1If Y, is a cut~vertex of W and dT (y1) > 2, then there is another
i

0

or yrﬁyu+1y1Ryu satisfying (i) for any

longest path yuRyTyu+1Ryr

yu+1€NR(y,)\{y2}. Of all longest paths in 'I‘i satisfying (i), let

Q.=x-+-ex' be the one with the largest dw (x;). (8) if y, 1is a cut-
i 9 o ! 1

=1 = = i i
vertex of W and dTi(y1) ', then |Ti |2 and R Yq¥, since Ti is a

0

block. Hence d., (y,)=? and d, (y,) > 1 because y, 1is a cut-vertex of
NO 2 WO 1 1

W.. It ~ontradicts the assumption that d (y1) < dy (yr).
0 0

II. Let d=max{d, (xt):i=1,--~,t}. Without loss of generality, let
0

- -1
(i) When d > 2 and NQT(x:)n{cut-verLlcss of w0}=¢, let Z= Nq.(x.).
1 1

. 1 -1, 1
(ii) When d > 2 and X, is a vertex of Nq.(x1)n{cut-vertices of WO}.
1

-1
Let Z=[NQ1(x;)\{x;}] u{x?}.

In both cases (i) and (ii), we have that |z | = | Naj(x;)ladw (x})-d, and
1 o

by Lemma 1.1,




L (z,z")=L. (z,2")
WO T1

. 1 1
> mln{dT1(x1).dT1(Xq1)}

for each pair of distinct vertices, z,2'€Z V(T1). ir zeznV(T1) and

z2'€ Z\T1 we have that z'=x$ ‘and

Lwo(z,z') > Lwo(z,xl)+pwo(x;.x$)

v

1
LTT(z,xc)

v
o

By the choice of Q1 and x1 it follows that

1,

]
d=d,, (x,) > (z)
0, 090 2 4

for eazn ze€Z.

1
(iii) When d=1, T, 1is a single edge (x;,x;). Hence, x, 1is a degree

one vertex of wo and x; is either a cut-vertex of wo if wO+T1, or a

11
degree one vertex of W, if W,=T,. If W,=T,, then let Z-{x1,x2}. If




W.\T,$0, by the choice of x|, we must have that d, (x°) < d (x!) and
0 1 NO 17 - 0 1

x2 i3 a degree one vertex of W

; Then let

0"

2.

1
Z={x1,x1

Thus in either case, dw (z)=1 for any =z Z.
0

So we always have that

| 2| = max{d,2}, SRR (1)

L; (z,2") 2 d, soe e e (2)
0

dwo(z) $d and dy(z) 2 k=d ¢ - - .- (3)

for each pair of distinct vertices z and z' of Z. And

|T1|Zd+1 ¢« o o o o (u)

. 1 1
since d—dwo(x1)=dr1(x1).

III. We claim that 1 < d < k-4,
Suppose that d > k-3. Since G is U-connected, there are four

intermediately disjoint paths Pu=vi ~--xu joining T1 and P for
u

u=1,ees 4 where {vi W Vg Yy } are distinct vertices of P,

1 t2 g by
0 < iy <i, < iy <y <p, {x1,x2,x3,xu} belong to T, and

| {xyseee,x,} | =min{ | T, | Jul.




Let R be a path joining x and x in T such that R is of
u M u+1 1 u

length at least d if x #$x (by Lemma 1.1), or R =x if x =x .. Then
e VERNT! u

u+1
Llv, Py, ) 2 vy Puquuxu*1Pu+1vi ) > d+2
oo u u+
I X b or 1(viupviu+1) > 2(viupuxupu+7viu+1) >2
if xu=xuﬂ since P 1is a longest path joining vO and vp.

If [T1 [ > 4, then {x1,x2,x3,xu} are a set distinct vertices and

3
2P) > ] (v, Pv. )
u=1 TRV S

v

3(d+2)

v

3k-3 (by d > k-3).

It contradicts the assumption that &(P) < 3k=6. Therefore [T, |[< 3 and

some x, and % of {x1,x2,x3,xu} are the same vertex. However,

3
3k=7 > L(P) > ) (v, Pv
—_— —-— i i
p=1 B ou+l

)

v

) %x Rv, Pv, )+ y My Py, )
u+1

Iwv

(d+2) (| T, | =D+2(4=| T, |)

daC| T, | =1)+6

a2+6 (by (u))

v

k2-6k+15 (by d > k-3).

v




Thus C > k2-9k+22. But the value of K‘~9k+22 is always positive for any k.

It leads a contradition and follows our claim.

IV. Now we wish to show the following inequality
Q.(P) Z (k_d_1)(d+2) e o o o o (5)

Let z,z' be a pair of distinct vertices of Z. We have known that

dp(z), dP(z') >k - d and Rw (z,2') > d (by (2) and (3)). Let
o)

| Np(z)n Np(z')] = o(z,2'). Since P 1is a longest path joining vy and

vp, Np(z)uNp(z') does not contain two consecutive vertices of P. Let

{v, A }=NP(Z)U Np(z'). Then [v

L] i -
5 N Pv1 ]\[Np(z)uNp(z )] contains r.j

1 r 1 r

open segments. A segment vi Pvi is\called extendible with respect to
8 g+1

{z,z'} if either v,eN(z) and v, eN(z') or v, eN(z') and v, eN(z).
i i i i
S 6+1 ) g+1

Otherwise, it is called unextendible. It is not very hard to see that P
has at least o(z,z') -1 extendible segments with respect to {z,z'}. Since
P is a longest path joining vO and vp and Lwo(z,z') > a, each
entendible segment is of length at least d+2 and each unextendible segment

is of length at least two.

(i) If there is a pair of distict vertices {z,,z of Z such that P

ol

has 0(21, 22) or o(z ,2 )-1 extendible segments with respect to

{z1,22} then one of [Np(z1)va(22)} must be a subset of another one and
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{(z, l‘L)/

EEinll No(z,) o | N2, | 2 ke

So L(P) > (total length of all extendible segments)
> (d+2)(a(z1,22)-1]
> (d+2)(k-d=1). (since o(z,,2z,) > k=d)

Thus we have established the inequality (5) in this case, and therefore we
will asume that P has at least af(z,z')+t! extendible segments with

respect to any pair of distinct vertices {z,z'} of Z.

(1i) Case 1. d <

ol X

Let o = max {o(z,2') | z,z' are a pair of distinct vertices of z}.

Choose a pair of distinct vertices zZy and Z, of Z such that q(z 1,22) =g

and let r =|N(z,)UNy(z,)[. It is clear that

reo = | N(2,) | + [N (2,) | 2 2(k-d) ceneen (6)

ro= 2| Ny(z) |2k - d (7)
Since P has at least o¢+! entendible segments with respect to {z1,22}, we

have that
2(P) ., (total length of all extendible segments with

respect to {21’2 +

N

(total length of all unextendible segments with

respect to {21,22})

v

(d+2)(g*1) + 2[(r=1)-(0+1)]

= 2r + gd +d -2

v

2[2(k=d)rg] + od +d - 2 (since r > 2(k-d) -g by (6))
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'}

bk-Ud - 29 + gd + d ~ 2

(4k-2d) -2d + (o+1)(d-2)

K
2 3k = 2d + (g+*1)(d-2) (since d ¢ > )

Thus 3k =7 > 2(P) >3k - 2d *+ (0g+*1){d-2) REEEY (8)

if ¢ > 1, by (8), we have that

3k =7 > 3k -2d + 2(d-2)
= 3k - 4,
It is a contradiction and hence we have that ¢ = 0. If d < 4, by (8), we
have that
3k =7 > &(P) > 3k =2d + (d-2) (since 0=0)
>3k -6 (since d < 4).

It is also a contradiction and therefore we must have that d > 5. Note that

|z]|>d>5, let =z,2',2" be three distinet verticies of Z. By the

definition of ¢ and o=0, the subsets NP(z), Np(z') and Np(z") of V(P)

are pairwise disjoint. Hence

| No(2) U N(z") U N (2") | > 3(k=d)

and P has at least 3(k-d)-1 segments each of which is of length at least

two. So
L(P) > 2[3(k=d)-1]
= 6k - 6d -~ 2
2 3k =2 (since d ¢ ; ).

It contradicts that &(P) < 3k - 7.
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k
(iii) Case 2. d > 5 -

Let C=E(Z’P)
be a set and

{AZ=E(2,P):for each zez}
and {Bi=E(Z,vi):for each vieV(P)}
be partitions of C. Note that |{A }|=|Z]=d>k-d and |4 |=d,(2) > k-d
for any zeZ (by (3)), | AnB, | <1 for any zeZ and vieV(P). We can apply

Lemma 1.2 on C and these two partitions of C. Thus P has at least
k~d~1 extendible segments each of which is of length at least d+2 and
therefore

L(P) > (total length of all entendible segments)

(d+2)(k-d-1)

| v

and the inequality (5) holds for all cases.

V. Since 1 < d < k~4, the minimum value of (d+2)(kmd=1) 1is 3keb6 It
contradicts that &(P) < 3k-6 and therefore, G\V(P) 1is an independent
set.

Part two.
It has been shown in part one that W=G\V(P) 1is an independent set.

Let w W. Following [5], put Y,=¢ and for i >1, put

X =NCY, _u (W)

1

and Yi={vJ€V(P): vJ_1€X1 and vj+1€Xi} .

Thus N(w)-x1sx2 e+ and ¢=Y05Y15Y2 see
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Put X= U Xi and Y=
i=1 i

c 8

Yi' The follow lemma has been proved in [6] and

]
—

will be applied in this part of the proof.
LEMMA 2.1.

(i) (direct conclusion of the definition) rsv(P)\{vO,vp} and

y=(xP) lyxnp) ™.

(ii) (Lemma 4.4, [6]) X does not contain two consecutive vertices
of P.
(iii) (Lemma 4.4. [6]) XnY=¢.
(iv) (Lemma 4.7. [6]) YUW 1is an indpendent set of G, N(Y)cV(P) and
N(Yu{w})=XcV(P).
(v) e(X,Yu{wp)=k(|Y|+1) and e(V',Yu{w})=0 for any subset V' of

V{GI\X.

Proof. We only need to prove (v). By (i) vo,vpéYU{wT, it follows that

d(u)=k for any ueYu{w}. Since X=N(Yu{w}), e(Yu{w},X)=e(Yu{w},G)=k | Yu{w] |
and N(YU{w})nV'=¢ for any subset V' of V(G)\X.
Put | X|=x and |Y|=y. Then P\XUY is a union of at most y=y+!

segments of P. Let s1,---,s be the segments of P\XuY not containing

t-1

Yo and vp. Let SO (or St) be the segment of P\XuY containing v (or

0

vp’ respectively) if Vo (or vp, respectively) does not belong to X.

Obviously, SO-¢ (or St=¢) if voeX (or VpeX, respectively). It is easy
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t
to see that |[S, |>2 for 1< i< t-1 and t=x-y. Let S= u S . Here

Here V(P)=XuYuS, by (i) and (iv) of Lemma 2.1.

Case 1. Sto.

£
Let Zi=Sin(X+1uX 'y and z= u Z,. We have that

i=0
LEMMA 2.2 (Lemma 4.8, {61)

e(Z,8) < (t=2)( ]| 8| ~t+3)

where A=0 if SOUSt*¢ and i=1 if SouSt=¢.

and
LEMMA 2.3 (Lemma 4.9, [6])
e(X, W\ {w}) > e(z,w\{w]).
Now we can prove our theorem in this case. Since
kx > e(X,G) > e(X,z)+e(X,Yu{w})=e(x,W\{w])
and
k|z]=e(z,6)=e(Z,X)+e(Z,Yu{w})+e(Z,S)+e(Z,W\{w}]),
we have that
ky-e(X,Yu{w])-e(x,w\{w}) > e(X,2)
=e(Z,X)
=k | Z pe(z,8)=e(z,W\{w])-e(z,Yu{w]).
Thus
kx=k (y+1)-e(X, W\ {w})
>k |z fe(z,3)me(Z,W\{w})
by (v) of Lemma 2.1, Note that y-y=t and
e(X, N\ {w}) > e(z,Ww\{w}

(by Lemma 2.3), it follows that
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e(Z,8) > -kt+k+k | Z

When S.US ¢, | Z]> 2t-1. By Lemma 2.2,

EC] S| ~t+3) > ~ktrk+k(2t-1).
Simplifying the above inequality, we have that
lslzt_3+k. e e e e o (9)

When SjuS =¢ , |Z]=2(t-1). By Lemma 2.2,

(t=1)( | S| -t+3) > -kt+k+2k(t-1)
Simplifying the above inequality, we obtain the inequality (9) again. Since
V(P)=SuXuY, and t+li=y > | N(w) | =k,

L(P)+1= | V(P) | = | S{X Y|

> (E=3+Kk)+x+y (by (9))

k+2x-3
> 3k-3

It contradicts that &(P) < 3k-6 and therefore the path joining vy and vp

is of length at least 3k-6 in the case of S$¢.

Case two. S=¢. In this case, we must have p=L(P) is even and

Xa{v 1130, 00, g} , Ya{v

P
5 T,000, 3 }. Thus Yu{w}

v iz - I i
21_1.1 } Xl. We claim

that X 1is also an independent set and N(X)c<Yu{w}. By (v) of Lemma 2.1, we

have that

e(Yufw},X)=k | Yu{w} | = k | X

Since the maximum degree of G 1is k, all neighbors of every vertex of X

are contained in Yy{w}.

Moreover, by (iv) of Lemma 2.1, both X and Yy{w} are independent

sets and

E(X,Yu{w})=E(X,G)=E(G,Yu{w]).




The connectivity of G 1implies that V(G)=XuYu{w}. Thus (X,Y {w}) is a
bipartition of G and VorY, are joined by a path of length | V(G)| -2.
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